THE SEGRE CUBIC AND BORCHERDS PRODUCTS 



SHIGEYUKI KONDO 

Abstract. We shall construct a 5 -dimensional linear system of holomorphic automorphic forms on a 
3-dimensional complex ball by applying Borcherds theory of automorphic forms. We shall show that 
this linear system gives the dual map from the Segre cubic 3-fold to the Igusa quartic 3-fold. 



1. Introduction 

The main purpose of this note is to give an application of the theory of automorphic forms on 
bounded symmetric domains of type IV due to Borcherds [fST], [^Gl. We consider the Segre cubic 3-fold 
X which is a hypersurface of P'' of degree 3 with ten nodes. The symmetry group ©e of degree 6 acts 
on X as projective transformations. It is known that the Segre cubic X is isomorphic to the Satake- 
Baily-Borel compactification of an arithmetic quotient of a 3-dimensional complex ball B associated 
to a hermitian form of signature (1,3) defined over the Eisenstein integers ([111, [fT2ll . [[I3l). The 
complex ball B can be embeded into a bounded symmetric domain V of type IV and of dimension 
6. By applying Borcherds' theory of automorphic forms on bounded symmetric domains of type IV, 
we can construct a 5-dimensional linear system of holomorphic automorphic forms of weight 6. We 
shall show that this linear system gives the dual map from the Segre cubic X to its dual Igusa quartic 
3-fold. 

B. van Geemen [[TOl and B. Hunt [fTT]| observed that both the Segre cubic 3-fold and the Igusa 
quartic 3-fold are birational to the moduli of ordered 6 points on the projective line. By taking the 
triple cover of branched along 6 points we get a curve of genus 4 with an automorphism of order 
3. One can consider that the Segre cubic is a compactification of the moduli of such curves. On 
the other hand, by taking the double cover of P^ branched along 6 points, we get a hyperelliptic 
curve of genus 2. The Igusa quartic is the Satake compactification of an arithmetic quotient of the 
Siegel space of degree 2 (J. Igusa [iT4l . page 397). It is classically known that the dual of the Segre 
cubic is isomorphic to the Igusa quartic (Baker [4], Chap. V). We will give an interpretation of this 
ball quotient as the moduli space of some surfaces with an automorphism of order 3 which are 
obtained from 6 points on the projective line. 

We use an idea of AUcock, Freitag [HI to construct a linear system of automorphic forms. In 
O, they consider a 4-dimensional complex ball defined over the Eisenstein integers and construct 
a 10-dimensional linear system of automorphic forms. An arithmetic quoteint of the 4-dimensional 
complex ball is birational to the moduli space of marked cubic surfaces. Our complex ball B appears 
as a subcomplex ball of AUcock, Freitag's one, and hence one can restrict AUcock, Freitag's linear 
system to B. However in this note, instead of using their linear system, we apply Borcherds theory 
directly to our situation and get a linear system on B. 

The plan of this note is as follows. In §2, we recall the Segre cubic X and some divisors on X. In 
section 3, we mention the complex ball B, the bounded symmetric domain V and Heegner divisors 
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on them. In section 4, we recall the Weil representation and calculate its character. In section 5, we 
shall show that there exist holomorphic automorphic forms on the complex ball B of weight 45, 5 
with known zeros. These forms will be used to determine the zeros of a member of a 5-dimensional 
linear system of automorphic forms on B. In section 6, we construct a 5-dimensional linear system of 
automorphic forms and show that this linear system gives the dual map of the Segre cubic. 

2. The Segre cubic threefold 
In this note we consider the variety X called the Segre cubic which is defined by 

6 6 

X:^Xi = 0, = 

in P^. Obviously the symmetric group ©g of degree 6 acts on X projectively. X has ten nodes which 
are 6g-orbits of (1 : 1 : 1 : — 1 : — 1 : —1). A linear section of X given by + Xj = is the union 
of three projective planes given by 

Xi ~\- Xj 0, Xfi^ ~t~ Xi 0, Xfyi ~t~ Xfi 0, 
Xi ~t~ Xj 0, X}^ ~t~ 0; ~t~ 

X{ -\- Xj 0, Xf^ -\- Xji 0, Xi -\- XjYi 0, 

respectively where {i, j, k,l,m,n} = {1,2,3,4,5,6}. On the other hand a linear section of X given 
by Xi — Xj = is an irreducible cubic surface containing four nodes of X. This irreducible cubic 
surface with four node is projectively unique and is called Cayley cubic surface. Thus we have 15 
Cayley cubics and 15 planes on the Segre cubic X. It is known that the dual of X is a quartic 3-fold 
Y in called the Igusa quartic ([[111). The dual map d : X Y is defined on X except ten nodes 
and is birational. It is given by a linear system of quadrics through ten nodes. For more details of 
these facts, we refer the reader to [[T3l . Chap. 3. 

3. A COMPLEX BALL QUOTIENT 

It is known that the Segre cubic X is isomorphic to the Satake-Baily-Borel compactification of an 
arithmetic quotient of a 3-dimensional complex ball by a certain arithmetic subgroup ( |[T2l . Theorem 
1; |[T3l . Chap. 3, 3.2.3). In this section we recall this fact. 

3.1. A complex ball. Let 

£ = Z[uj\, u = 

be the ring of Eisenstein integers. Consider the hermitian lattice 

A = £^'^ =£®£®£®£ 

with the hermitian form 

h{x, y) = xoyo - xm - X2y2 - xsys. 
We denote by B the complex ball of dimension 3 defined by 

B = {xe P(A ®f C) : h{x, x) > 0}. 
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Let r = Aut(A) be an arithmetic subgroup of the unitary group U (3, 1; Q(v— 3)) with respect to the 
hermitian form h{, ). Obviously F naturally acts on B. Under the isomorphism 

£/^/^£ ~ F3, 

the hermitian form h induces a quadratic form g on A/ \/^A over F3. We define a subgroup r(\/^) 
of rby 

r(y=3) = Ker{r 0(g)}. 
Let L be the real lattice corresponding to A with the symmetric bilinear form 

{x,y) = h{x,y) + h{y,x). 

Then L = © A2 (— 1)^ where A2 is a root lattice of rank 2, that is, a positive definite lattice of rank 

2 defined by the matrix ( ^ ^ \ and A2{—1) is the negative definite lattice of rank 2 defined by 

/-2 1 \ 

I 1 — 2 ) ■ action of a; on A induces an isometry t of L of order 3 without non-zero fixed points. 

We denote by L* the dual of L: L* = Hom(L, Z). Note that A*/A2 = F3. Let Al = L*/L = (Fs)^ 
and let ql ■ Al ^ Q/2Z be the discriminant quadratic form of L defined by qL{x + L) — {x, x) + 2Z. 
The form ql coincide with q, up to scales, under the isomorphism 



A/V-3A ^ L*/L. 

We denote by 0(L) the orthogonal group of L and by 0(L) the kernel of the natural map 0(L) 
0{qL). Then the group F is naturally isomorphic to the subgroup 0(L, t) of 0(L) consisting of 
isometries commuting with t. Under this isomorphism the subgroup ^{^/^) corresponds to 0(L, t)n 
0(L). 

Conversely, first consider the lattice L with an automorphism t of order 3 without non-zero fixed 
points. Then we can consider L as Z [a;] -module by the action u ■ x — l{x). The hermitian form h is 
given by 

1 

y) = 2 +x,y) + (x, y)}. 

Define 

D = e P(L ® C) : {y, v) = 0, {v, v) > 0}. 

Then D is a disjoint union of two copies of a bounded symmetric domain of type IV and of dimension 
6. Consider the action of i on L (g) C. Since l is defined over Z and has no non-zero fixed vectors, 

the eigen-spaces V^, Vq with the eigen-value cu respectively are isomorphic to C"^. Moreover the 
restriction (v, v) on is a hermitian form of signature (1, 3). Note that (f , v) = for any vector v in 
K) or Vlo because {v, v) = {i{v), i{v)) = (lov^lov) or (v, v) = {ujv,uv). Leti : A A(8)zC = L®C 
be the inclusion map and let p : L (8) C — > T4; be the projection. For any ^ E L, write ^ — ^u^ + ^^as 
an element in K; © V^. Then we can easily see that 

Hence the map poi : A — > T4; is an isometry which induces an isomorphism from B to the subdomain 

VnP{V^) = {veP{V^) : {v,v)>0} 
of V. Thus the complex ball B can be embedded into V. 



4 



SHIGEYUKI KONDO 



3.2. Roots and reflections. Following to we recall roots and reflections of the hermitian lattice 
A. A vector a G A is called a short root (resp. long root) if h{a, a) = —1 (resp. h{a, a) = —2). For a 
short root or long root a, consider the following isometry r^^ of A with respect to h: 

^.h(a,v) 

Tax : X X- {I- C)t7 r«- 

h{a,a) 

If a is a short root and C is a primitive third root of unity to, Va^uj is an isometry of A of order three 
sending a to uja. We call r^ ,^ a trireflection. If a is a short root or long root, and ^ = — 1, then _i 
is a reflection in V which is an isometry of order two sending a to —a. 

For a short root a in A, denote by r the corresponding (— 2)-vector in L. Then the trireflection r^^oj 
induces an isometry 

Sr o : x — )■ X + (a;, r)r + (x, L{r))r + (x, i(r))i(r) 

of L where Sr : x x + {x, r)r is a reflection associated to r. On the other hand, Va-i induces an 
isometry of L: 

x^x + 2{— — x)L{r) + 2( — x)r. 
3 3 

For a long root a G A, denote by r the corresponding (— 4)-vector in L. Then ra _i induces an 
isometry of L: 

,r + 2i(r) , , , ,2r + ifr) , 

X X + ( ,x)L{r) + ( ,x)r. 

o o 

For a G A, we denote by d the image of a in A/-\/^A. We call the images of short roots (resp. 
long roots) in A/\/^A the short roots (resp. long roots), too. We also denote by f^^ the isometry on 
A/y/^A induced by r^,.^. Note that if a is a short root, then is contained in T{y/^), that is, 
acts trivially on A/ 3A. On the other hand, _i acts on A/ \^^A as a reflection associated to d. 

3.3. Lemma. (1) The group T acts transitively on the primitive isotropic vectors, on the short roots 
and on the long roots, respectively. 

(2) Let ai, a2 be two isotropic vectors, or two short roots, or two long roots. Then ai and a2 are 
equivalent under r(-\/— 3) if and only if their images in A/-\/— 3A coincide. 

(3) The number of non-zero isotropic vectors, short roots or long roots in A/ -^/^A is 20, 30 or 30 
respectively. 

(4) The map T 0{q) is surjective and r/r(v^) ^ 0{q) ~ ©e x Z/2Z. 

Proof. In case of the hermitian lattice £^'^, AUcock, Carlson, Toledo proved the same assertion (1) 
([El, Theorems 7.21, 11.13), and AUcock, Freitag ([3J, Proposition 2.1) proved the assertions (2), (3). 
The same proof works in our case £^'^. The last assertion is a well know. For example, see [7J, page 
4. □ 

3.4. BaU quotient and Heegner divisors. We denote a vector a e Al = (F3)^bya = (xi, X2, xs, X4) 
where Xi G F3 is in the i-th factor of L*//. = A^/As © (A2(-1)VA2(-1))®^. Then an elementary 
calculation shows the following: 
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3.5. Lemma, (i) Al consists of the following 81 vectors: 
Type (00): 0; 

Type (0): a ^ 0, qiia) = 0, #a = 20, 

a = (±l,±l,0,0),(±l,0,±l,0),(±l,0,0,±l),(0,±l,±l,±l); 
Type(l): ^^(a) = -4/3, #a = 30, 

a = (±1, 0, 0, 0), (±1, ±1, ±1, ±1), (0, ±1, ±1, 0), (0, ±1, 0, ±1), (0, 0, ±1, ±1); 
Type (2): qL{a) = -2/3, #a = 30, 

a = (0, ±1, 0, 0), (0, 0, ±1, 0), (0, 0, 0, ±1), (±1, ±1, ±1, 0), (±1, ±1, 0, ±1), (±1, 0, ±1, ±1). 

3.6. Lemma. Under the canonical isomorphism A/V— 3A = = L*/L, the set of short roots 
{resp. long roots) in A/ -\/^A correspond to the set of vectors of norm —2/3 {resp. vectors of norm 
—4/3) in Al. Also the set of isotropic vectors in A/ ^/^A correspond to the set of isotropic vectors 
in Al. 

Let a be a non-isotropic vector in Al- For a given n G Z, n < 0, we consider a Heegner divisor 
Va,n which is the union of the orthogonal complements r-*- in V where r varies over the vectors in 
L* satisfying (r, r) = n and r mod L = a. Obviously is a bounded symmetric domain of type IV 
and of dimension 5. In case ^^(a;) = —2/3 (resp. gL(tt) = —4/3) and n = —2/3 (resp. n = —4/3), 
we denote Va-2/3 (resp. Va-4/3) by for simplicity and call it {—2/3)-Heegner divisor (resp. 
( — 4/ 3)-Heegner divisor). 

3.7. Proposition. The Segre cubic X is isomorphic to the Satake-Baily-Borel compactification B /T {\^^) 
of the quotient B/V{\/^^) which is, set theoretically, the union of B/T{\/^3) and ten cusps corre- 
sponding to ten non-zero isotoropic vectors in Al/{±1}. These ten cusps correspond to ten nodes of 

the Segre cubic X. 

Proof. The assertion follows from [fT3l . §3.2. □ 

Also B/T(^/^) contains some divisors called Heegner divisors. Let a be a short root mA/y/^A. 
Let a be a short root in A with a mod ^/^A = a. We denote by a"*" the orthogonal complement of a 
in B which is a complex ball of dimension 2. Let 

a 

where a moves on the set of all short roots satisfying a mod y/^A = a. The image of Ha in 
B/T{y/^3) is denoted by fia and is called a {—\)-Heegner divisor. There exist 15 (—1) -Heegner 
divisors "Hq, corresponding to 15 short roots a E {A/y/^A)/{±l}, q(a) = —1. 

Similarly we can define 15 (—2)-Heegner divisors "H^ corresponding to 151ongrootsa G (A/a/^A)/{±1}, 
q{a) = -2. 

Finally we compare the Heegner divisors in V and in B. Let r G L* be a (—2/3)- or (—4/3) -vector. 
Then both 6(r) and L^{r) are (—2/3)- or (—4/3) -vectors and r mod L = L{r) mod L = i^(r) mod L. 
Note that r-*-, i(r)-'- and i^(r)-'- in V are different, but their restrictions to B are the same. Thus we 
have 
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3.8. Lemma. 

v^nB = s-Ha 

where we identify (—2/3)- (resp. (— 4/3)-j vectors in and short roots {resp. long roots) in 
A/a/=3A. 

3.9. Interpretation via K3 surfaces. The complex ball quotient B/T{y/—3) can be considered as 
the moduli space of lattice polarized K3 surfaces. The following is essentially given in [8J. Let 
N = U ® Ee{-1) ©y42(-l)®^. Then can be primitively embedded into the K3 lattice M = 
f/®^©i?8(—l)®^ whose orthogonal complement is isomorphic to L = A2 (B A2{—1)®^ . Here Am, Ek 
are positive definite root lattices defined by the Cartan matrix of type Am, Ek, and for a lattice (L, (, ) ) 
we denote by L(—l) is the lattice (L, —(,)). In the following we consider and L as sublattices of 
M. The isometry i of L of order 3 acts trivially on L* / L and hence it can be extended to an isometry 1 
of M acting trivially on A^. Let to E B with the property uj-^ D M = N. Let 5* be a K3 surface and let 
as ■ H'^{S, Z) — )■ M be an isometry satisfying {as ® C){ujs) = cu where cus is a holomorphic 2-form 
on 5*. By definition the Picard lattice of S is isomorphic to A^. Note that the isometry ? preserves cus 
and acts trivially on the Picard lattice. It now follows from the Torelli type theorem for K3 surface 
that I can be represented by an automorphism a on S* of order 3. Thus an open set of B/T(y^^) is 
the moduli of such pairs (S, a) of K3 surfaces S with an automorphism cr of order 3. 

In the following, we shall show that S is canonically obtained from six points on P^. Let Q = 
X Let (uq : ui), (vq : vi) be homogeneous coordinates of the first and the second factor of Q. 
Let pi, be distinct six points on P^. Consider the divisors on Q defined by 

Li = P'x {p,} (1 < z < 6), Do = {0} X P\ = {1} X P\ = {00} x P^ 

Let Q ^ Q he the blow ups of the 18 points on Q which are the intersection of Li,...,Lq and 
Do, Di, Doo- We denote by the Li, Lq, Do, Di or Doo the strict transform of Li,..., Lq, Do, Di 
or Doc respectively. Let n : X Q he the triple covering of Q branched along Li + ■ ■ ■ + Lq + 
Do + Di + Doo- Then n^^(Li) is a (— l)-curve. Let X S he the contraction of 7r^^(Lj) to the 
points Qi. We can easily see that S* is a K3 surface. The projection from Q to the second factor P^ 
induces an elliptic fibration p : S' — )■ P^ which has six singular fibers of type IV in the notation of 
Kodaira and three sections. Here three components of the singular fiber of type IV over correspond 
to three exceptional curves over the three intersection points of Li and Do, Di, Doo and three sections 
correspond to Do, Di, Doo- The classes of components of fibers and a section generate a sublattice 
of the Picard lattice Pic(S') isomorphic to f/ © A2(— 1)®^. By adding other two sections, we have 
a sublattice in Pic(5') isomorphic to N = U (B Eq{—1) © A2(— 1)®^. The covering transformation 
of 5 — 7- Q induces an automorphism cr of S* of order 3. Note that the set of fixed points of a 
consists of six isolated points qi, Qq and three sections. Since a has a fixed curve as its fixed points, 
a*{uJs) = Ci^s where cos is a non-zero holomorphic 2-form on S and ^3 is a primitive cube root of 
unity. Thus we have a pair (S, a) of a K3 surface and an automorphism of order 3. This K3 surface 
appears as a degeneration of K3 surfaces associated to a smooth cubic surface given in [8^. 

Next we consider the case two points among 6 points coincide. In this case, similarly, we have an 
elliptic K3 surface S' with one singular fiber of type VI*, four singular fibers of type VI and three 
sections. The Picard lattice of S' is isomorphic to U © Eq^—I^ © A2{—1) and its transcendebtal 
lattice is isomorphic to A2 © A2(— 1)®^. Thus the period domain of K3 surfaces S' is a subdomain of 
B the orthogonal complement of A2{—1), that is, a (— 1)-Heegner divisor. Thus we have 
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3.10. Proposition. 15 {—1)-Heegner divisors bijectively correspond to 15 planes on the Segre cubic 
X. 

Proof. It is known that 15 planes on the Segre cubic correspond to the moduli of 6 points on the 
projective line in which two points coincide ( lfT3l . Proposition 3.2.7). Hence we have the assertion. 

□ 

We shall show that 15 (— 2)-Heegner divisors correspond to 15 Cayley cubics on the Segre cubic 
X (see Lemma |6^ . 



4. Weil representation 

In this section, we recall a representation of SL(2, Z) on the group ring C[Ai] called the Weil 
representation. In following Table 1, for each vector u G of given type, nij is the number of 
vectors v of the same type with (m, v) = 2j/3. 



ti 00 00 00 00 1 1 1 1 2 2 2 2 

V 00 1 2 00 1 2 00 1 2 00 1 2 

mo 1 20 30 30 1 2 12 12 1 8 12 6 1 8 6 12 

mi 00000999069 12 06 12 9 

m2 00000999069 12 06 12 9 

Table 1. 



Let T = \\ \\ , S = \. „Mbea generator of SL(2, Z). Let p be the Weil representation of 



^0 ly ' \i 

SL(2, Z) on CIAl] defined by: 

p(T){ea) = exp{{a,a)/2)ea, p{S){ea) = ] ^exp{~{S,a))es. 

Note that the action p factorizes the action of SL(2, Z/3Z) which is denoted by the same symbol 
p. The conjugate classes of SL(2, Z/3Z) consist of ±E, S, ±ST, ±ST^. Let Xi (1 < ^ < 7) be 
the characters of irreducible representations of SL(2, Z/3Z). The following Table 2 is the character 
table of SL(2, Z/3Z). Here cu = ~^+/^ and the last line means the number of elements in a given 
conjugate class. 

4.1. Lemma. Let x be the character of the representation o/5L(2, Z/3Z) on C[Al]. Let x = 
Yli'^iXi be the decomposition into irreducible characters. Then nii = l,m2 = 10, ms = = 
5, ms = 5, mg = 10, rrij = 5. 

Proof. By definition of p and the Table 1, we can easily see that trace(-E') = 3^, trace(— £") = 1, 
trace(5) = 1, tmce{ST'^) = -9, trace{-ST^) = 1, trace(5T) = 1, trace(-5T) = -9. The 
assertion now follows from the Table 2. □ 



8 



SHIGEYUKI KONDO 





E 




S* 






ST 


-ST 


Xi 


1 


1 


1 


1 


1 


1 


1 


X2 


3 


3 


-1 
















1 


1 


1 








UJ 


Xi 


1 


1 


1 








UJ^ 


X5 


2 


-2 





—UJ 


UJ 




-uj'' 


X6 


2 


-2 





-1 


1 


1 


-1 


X7 


2 


-2 











—UJ 




1 


1 


6 


4 


4 


4 


4 



Table 2. 



4.2. Definition. Let be the 5-dimensional subspace of C \Ai\ which is the direct sum of irreducible 
representations of SL{2, F3) with the character ^3 in Lemma |4~n In ^|6l we associate a 5-dimensional 
space of automorphic forms on ;B to ^ . We remark that there is an another 5-dimensional subspace in 
C[Ai] which is a direct sum of irreducible representations of SL(2, F3) with the character xa- The 
author does not know whether this subspace corresponds to an interesting linear system of automor- 
phic forms on B. 



5. BORCHERDS PRODUCTS 

Borcherds products are automorphic forms on V whose zeros and poles lie on Heegner divisors. In 
this section, we shall show that there exist automorphic forms $45, $5 on the complex ball B{c V) 
of weight 45, 5 whose zero divisors are (— 2)-Heegnear divisor, (—1)- Heegnear divisor respectively. 

To show the existence of such Borcherds products, we introduce the obstruction space consisting 
of all vector valued elliptic modular forms {fa}a<^AL of weight (2 + 6)/2 = 4 and with respect to the 
dual representation p* of p: 

Ut + 1) = e--v^ U-l/r) = -^Yl ^'^^ ^'^'^V/.M- 

We shall apply the next theorem to show the existence of some Borcherds products. 
5.1. Theorem. (Borcherds [611, Freitag [9], Theorem 5.2) A /mearcomZ7marion 

^ ^ ^a,nT-^ a,ni ^a,n ^ ^ 

of Heegner divisors is the divisor of an automorphic form on V of weight k if for every cusp form 

f = {fa{T)}aeA,, fair) = a^.^e^^^^"^ 

neQ 

in the obstruction space, the relation 

(^a-n/2Ca,n = 

aeAL,n<0 
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holds. In this case the weight k is given by 

k = ^ ^ ^o,n/2Ca,-n 

where ba,n are the Fourier coefficients of the Eisenstein series in the obstruction space with the con- 
stant term Bq q = — 1/2 and h^fi = Ofor a 0. 

In the following we shall study the divisors J2aeAL n<o '^a,nT^a,n where Ca,n depends only on the 
type of a. Recall that there are 1, 20, 30 and 30 elements in Al of types (00), (0), (1) and (2), 
respectively (see Lemma [331) . We denote the vector valued modular form {fa)aeAL by 

(/oO) /O) /l) /2) 

where each ft is the sum of the as a varies over the elements of Al of type t. A calculation shows 
that the action of a generator {S, T} of SL(2, Z) with respect to this basis is given by 

/l \ / 1 1 1 1 \ 



p*(T) 





10 



\0 u 



9 



20 
30 
\30 



-7 



3 
3 



2 
3 



-6 



2 

-6 
3/ 



5.2. Lemma. The dimension of the space of modular forms of weight 4 = (2 + 6)/2 and of type p* 
is 2. The dimension of the space of Eisenstein forms of weight 4 and of type p* is also 2. 

Proof. The dimension is given by 

d + dk/12 - a{e'^^''/^p*{S)) - a((e"^'=/V('5T))-i) - a{p*{T)) 
([l6l, section 4, BH, Proposition 2.1). Here /c = 4 is the weight, 

d = dim{x e V : p*{-E)x = {-l)''x} = 4 

and 

a{A) = a 



X 



-la 



< a < 1. A direct calculation shows 



where A runs through all eigenvalues of A and A 
that 

a(e"^'^/V*('5)) = 1, a((e"^^/y (5T))-i) = 4/3 and a{p*{T)) = 1. 
On the other hand, the space of Eisenstein series is isomorphic to the subspace of V given by 

p*(r)(x)=x, p*(-E)(x) = (-i)'=x 

(see Remark 2.2 in [^). Thus we have the assertion. □ 

Next we shall calculate a basis of Eisenstein forms of weight 4 and of type p*. Let 

El = G,{t, 0, 1; 3), ^2 = G,{t, 1, 0; 3), = G^ir, 1, 1; 3), = G^ir, 1, 2; 3) 

be Eisenstein series of weight 4 and level 3 (see ifTSl . Chap. Ill, §3). Then the action of S, T is as 
follows: 

T : E2 — ^ E^ — y E^ — y E2, 
T fixes El, and S switches Ei and E2, E3 and E4 respectively. 
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Now we can easily see that a basis of Eisenstein forms of weight 4 and of type p* is given by 

/oo = 0^1 + 6(^2 + ^3 + ^4), 
/o = (-a - 9b) El + (-3a - 76) (^2 + ^3 + ^4), 
/i = (-3a + 36) (^2 + tuEs + tu^Ei), 

/2 = (-3a + 36) (^2 + u^Es + uE^), 

where a, 6 are parameters. The Fourier expansions of Ei are given as follows (see ifTSl . Chap. Ill, §3, 
Proposition 22): 

^i = f^ + c(-3^g + ---), 
^2 = c(g^/3 + (2^ + l)g2/3 + 33^ + ...)^ 

= c(a;g^/3 + (2^ + ipY^'' + 3^q + ---), 

Ei = c{uj^q^/^ + (2^ + l)wg2/3 + 33^ ^ . . .^^ 
where c = = Put a = and a = -96. Then 

/oo = -l/2 + 2-33g + ..., 
/o = 10-3=^g + ---, 
A = 135g2/3 + . . ., 

/2 = 15g^/=^ + ■ ■ -. 

It follows from Lemma 15.21 that there are no non-zero cusp forms in the obstruction space. Hence 
Theorem 15.11 implies that 

5.3. Theorem. There exist automorphic forms on T> of weight 135, 15 with some character whose 
zero divisors are {—4:/3)-Heegnear divisor, (—2/3)- Heegnear divisor, respectively. 

Since (—4/3)-, (— 2/3)-Heegnear divisors meet the complex ball with multiplicity 3 (Lemma [3^ . 
we can take the cube root of these automorphic forms and then we have: 



5.4. Corollary. There exist automorphic forms $45, $5 on the complex ball B of weight 45, 5 whose 
zero divisors are (—2) -Heegnear divisor, (—1)- Heegnear divisor. 
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6. Gritsenko-Borcherds liftings 

In this section, by applying the theory of liftings [5], we construct a linear system of automorphic 
forms on B with respect to T{^/^) which gives a birational map from the Segre cubic to the Igusa 
quartic. 

Let p be the Weil representation given in §4. A holomorphic map 

/ : i/+ ^ C[Al] 
is called a vector valued modular form of weight k and of type p if 

/(Mr) = p(M)(cr + rf)V(r) 

for any M = ^ ^} ^ '^^(2, Z) . We shall construct a 5-dimensional space of vector valued modular 

forms of weight 4 and of type p. 

Let V be the 5-dimensional subspace of C[y4i] in Definition 14.21 First we shall consider the fol- 
lowing special vectors in V (We remark that the following definition of v^o is similar to the one 
given in AUcock-Freitag [Si to construct liftings in their case). Let ao, «i, «2, 0:3 be an orthogonal 
basis of Al with qiioio) = —4/3, gL(ai) = 5'L(a2) = QLicts) = —2/3. If we take ao, then such basis 
is uniquely determined up to signs. For each such basis, we define a vector t>Q,y = {ca)a(^AL 
as follows: 

c„ = 1,0, -1 

according to 

J] (a, a,) = 1,0,-1 GF3. 

i 

For example, assume ao = (1, 0, 0, 0), ai = (0, 1, 0, 0), 02 = (0, 0, 1, 0), as = (0, 0, 0, 1) e Al = 
(Fa)^ Then ^ if and only if a G {(±1, ±1, ±1, ±1)}. 

6.1. Lemma. Let Va^ = (cq,) be as above. Then p{S){vao) = Va^, p{T){vaQ) = covag- Moreover 
Toiivao) = —Vao for the reflection Tq- associated with a^. 

Proof. It suffices to prove the case ao = (1,0,0,0), ai = (0,1,0,0), a2 = (0,0,1,0), as = 
(0, 0, 0, 1). Let M = {(±1, ±1, ±1, ±1)}. Then v^o = EaeM CaCa- If c« ^ 0, then ^^(a) = -4/3. 
Hence p{T){vao) = ^'^ao- Next consider 



A direct calculation shows that the coefficient 



E 



of 6/3 is if /3 ^ M, 9 if /3 G M, C/3 = -1, and -9 if (3 e M, = 1. The last assertion follows from 
the definition of Vao ■ D 

It follows from Lemma \67l] that v^o is contained in V. Thus we have fifteen elements Vao in V 
where ao is fifteen (—4/3) -vectors iny4j^/{±l}. 



12 



SHIGEYUKI KONDO 



6.2. Lemma. As a Oi^qLj module, V is irreducible. 

Proof. If is a irreducible representation of ©g and dim W > 2, then dim W > 5. Hence it 
suffices to see that there are no 1 -dimensional subspaces invariant under the action of &q. If such 
1 -dimensional subspace exists, then all vectors in V are invariant under the action of &g. However 
any special vector as above is not invariant under the action of &q. This is a contradiction. □ 

Let r7(r) be the Dedekind eta function. Then 

ri{T+lY = UJ-r]{Tf, 

Therefore, for v E V, r/(r)^ ■ v = (//(r)® ■ Ca)aeAL is a vector valued modular form of weight 4 and 
of type p. By applying Gritsenko-Borcherds lifting ([5], Theorem 14.3), we have 

6.3. Lemma. There is a 5-dimensional space of holomorphic automorphic forms of weight 6 onV 
with respect to 0{L) on which Oi^qi) acts irreducibly. 

Proof. It suffices to see that the lifting of r](r)^v is non-zero. Then the assertion follows from the 
Schur's lemma. We use Theorem 14.3 in We consider the orthogonal decomposition of L = 

U © f/(3) © ^2 © A2. Let z, z' be a basis of U with z'^ = z'^ = 0, {z, z!) = 1, and let K = z^/Zz = 
U{3) ® A2 ® A2 C L. Let e, / be a basis of U{3) with = = 0, (e, /) = 3. We consider the 
Fourier expansion around z. Since ?7(r)® = q^^^ + • ■ •, the initial term of 

is 

4/3 



E 



aeAL,a^=2/3 

If we take A = (e + /)/3, then (A, A) = 2/3 > and hence A has positive inner products with all 
elements in the interior of the Weyl chamber. Also note that L* / L = K* / K. We choose v = (cq,) G 
V satisfying cx ^ 0. Now it follows from [5J, Theorem 14.3 that the Fourier coefficient of e2'^v^(A,^> 
in the lifting of ri{T)^v is equal to 

CA(AV2)-e2-^<^'^'> = c,(l/3)=c,. 
Hence the lifting of r]{T)^v is non-zero. □ 

Let ao be a (—4/3) -vector in and let be the element in V as above. Let be the restriction 
of the Gritsenko-Borcherds lifting of r]{T)^ ■ to the complex ball B. Then 



6.4. Theorem. Fq,,, is a holomorphic automorphic form of weight 6 on B with respect to T(^/—3) 
which vanishes exactly along the {—2)-Heegner divisor Tiao with multiplicity one and the (— 1)- 
Heegner divisors "Hq,^ , "Haj , "Hag with multiplicity three. 

Proof. First recall that the reflection is induced from the reflection _i of A where a G A is a 
short or long root with a mod y/^A = a. It follows from Lemma [6?n and the 0(gL)-equivariance 
of the lifting that vanishes along Hq- (z = 0, 1, 2, 3). Moreover the trireflection r^^ associated 
to a short root a is contained in T(y/^), Fa^ vanishes along "Hq,^ (i = 1, 2, 3) with multiplicity 3. 
Then the product of 15 Fag has weight 90 and vanishes along (— 2)-Heegner divisors with at least 
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multiplicity one and along (— 1)-Heegner divisors with at least multiplicity ^^^^ = 9. On the other 
hand $45 ■ $5 has weight 90 and vanishes along (— 2)-Heegnear divisors with exactly multiplicity one 
and along (— 1)-Heegnear divisors with multiplicity 9 (Corollary 15.41) . Then the ratio Ylv F^/^ib ■ $5 
has weight zero and holomorphic, and hence it is constant by Koecher principle. □ 

Since trireflections are contained in T(y/—3), the covering B — t- B/T{\/—3) is ramified along 
(— 2/3)-Heegnear divisors. Hence we have 

6.5. Theorem. The zero divisor (-F^o) on B/V{^/^) is V-ao + Tiai + Tiaz + '^03- 

6.6. Lemma. Let a E Aiwith qi^a) = —4/3. Then the Heegner divisor l-Lo, coincides with a Cayley 
cubic on X. 

Proof. The zero divisor of $45 on B/T(^/^) is the union of "Hq, where a varies over 15 (—4/3)- 
vectors in Al/{±1}. On the other hand, as mentioned as above, the covering B — )• B/T{^/^) is 
ramified along (— 1)-Heegnear divisors. Hence the zero divisors of $5 on B/T{y/^) is the union 
of "Hq, where a varies over 15 (— 2/3)-vectors in Ai/{±.1}. If ai,a2,a3 are mutually orthogonal 
(— 2/3)-vectors, then Tiai + + is the union of three planes on X (Proposition 13 . 1 01 ) . that is, 
a linear section of X in P"^. By comparing the weights of $45 and $5, we can see that each "Hq, with 
^^(a) = —4/3 is also a linear section, that is, a cubic surface. Since Ha with qiia) = —4/3 contains 
four cusps, it should be isomorphic to a Cayley cubic on X. □ 

Hence we conclude: 

6.7. Lemma. The divisor (-F^o) = "Hao + + + ^03 ^ quadric section of the Segre cubic 
X C P*^ where fiao is a Cayley cubic andfia, (^ = 1, 2, 3) are planes. 

For an orthogonal basis {ao, ai, 0:2, as} of Al, we can easily see that any isotropic vector in Al is 
perpendicular to for some i (see Lemma [331) . Hence the divisor fiaa + Tiai + ^02 + contains 
10 nodes of X. Thus each (-F^y) passes the ten nodes of X, and hence the five dimensional linear 
system of automorphic forms has the ten nodes as base points. The linear system defines a rational 
map ip : X y P^. 

6.8. Theorem. The image ofip is the Igusa quartic, that is the dual of X. 

Proof. This follows from [fT3l . Theorem 3.3.12. □ 
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